Abstract. We renormalize various scalar field theories with a φ n self interaction such as n = 5, 7 and 9 in their respective critical dimensions which are non-integer. The renormalization group functions for the O(N ) symmetric extensions are also computed.
1 Introduction.
Scalar quantum field theories have provided an excellent laboratory for many years to explore and test ideas in physical problems. For instance, the development of Wilson's renormalization group and its application to theories defined close to an integer spacetime dimension led to the concept of the Wilson-Fisher fixed point, [1, 2, 3, 4, 5] . Being defined as a non-trivial zero of the β-functions in spacetime dimensions d = D n − 2 , where D n is the critical dimension which will be defined later for a scalar theory and is not necessarily an integer, meant that the renormalization group functions in the neighbourhood of a fixed point provided information on phase transitions in nature, [1, 2, 5] . A widely studied example is that of the Ising model which can be described by scalar φ 4 theory. In this case D n = 4, while other theories such as scalar φ 3 have D n = 6 and this potential underpins the properties of phase transitions for other phenomena. For example, the Lee-Yang singularity problem can be accessed via φ 3 theory. Recently there has been renewed interest in examining scalar φ n theories for n ≥ 4. Early work on such higher order potentials included articles on φ 6 theory, [6, 7, 8, 9, 10] , and φ 2r potentials for integer r, [11, 12] . However, more recently scalar φ 5 theory was studied in [13] using the functional renormalization group method as well as via critical exponents in [14] . The motivation was to develop and investigate the continuum quantum field theory for the BlumeCapel universality class which is the next after the Ising and Lee-Yang classes. Equally as phase transitions have scale and conformal symmetry, the latter has been used to calculate exponents and central charges associated with the correlation functions of various operators or currents, [15, 16] . These were then used to inform the structure of the perturbative renormalization group functions. One aim is partly to continue building up the formalism associated with d-dimensional conformal field theory as well as to have a powerful tool to make predictions for new universality classes such as the Blume-Capel one.
Given this resurgence of interest in scalar field theories with higher order potentials there is a clear need to complement the conformal field theory approach with explicit perturbative computations. This is the purpose of this article. Aside from φ 4 and φ 3 theories whose renormalization group functions are known to high order, [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] , only φ 6 theory has been renormalized to any depth, [6, 7, 10] . Some leading order results are available for φ 2r theories for integer r ≥ 4 but those for potentials with odd powers except 3 are virtually unknown. Therefore we will consider the φ 5 , φ 7 and φ 9 scalar field theories and determine the anomalous dimensions and β-functions as well as those for φ 8 for a reason which will become apparent later. While this is simple to state it is worth observing that these scalar theories are not renormalizable in integer dimensions. By contrast their critical dimension is rational. Although this is clearly not a value for a physical spacetime such models should in principle provide more accurate predictions for physical phase transitions. As has been noted for example in [13] if the critical dimension is close to an integer then the use of d = D n − 2 means that choosing a small value of in the -expansion of the first few terms of a critical exponent should yield accurate exponent estimates in that integer dimension. This is in contrast with the use of the -expansion in φ 4 theory where d = 4 − 2 and d has to be 3 for Ising model predictions which requires the relatively high value of = 1 2 . In this context φ 4 theory can also be used to access other physical phenomena if it is endowed with an O(N ) symmetry. Then, for instance, N = 2 describes superfluidity while N = 3 corresponds to the Heisenberg magnet. Therefore in this spirit we will extend the odd higher potentials to include an O(N ) symmetry and compute the corresponding renormalization group functions. This leads to an interesting prospect which may connect the O(N ) φ 5 and O(N ) φ 8 theories with potentially a generalization for higher order potentials. Such connections should be established by explicit computations. For the widely known ultraviolet completion of O(N ) φ 4 theory in four dimensions to O(N ) φ 3 theory in six dimensions, [28, 30] , this has been put on a concrete foundation via higher order perturbative computations and the large N expansion. Equally the d-dimensional conformal field theory formalism is in a position to address the same connection in principle. Hence it ought to be a crucial tool for the new connections that we suggest are apparent here in the higher order potentials. Therefore providing renormalization group functions in this article will inform that debate.
The article is organized as follows. The following section outlines the various computational tools which were used to extract the renormalization group functions. Results for the scalar theories with odd potentials are given in section 3 while the corresponding results when an O(N ) symmetry is present are given in the subsequent section together with the potential connections between theories with different potentials. Concluding remarks are provided in section 5.
Background.
Our starting point is the general scalar field theory given by the Lagrangian
where n ≥ 3 is an integer and for the moment we do not endow the theory with a symmetry group. The critical dimension D n of the theory where it is renormalizable is found by examining the canonical dimensions of the field φ and the coupling constant g. Ensuring that the action is dimensionless implies that the canonical dimension of φ is
From the interaction the canonical dimension of the coupling constant is therefore
The critical dimension where the field theory is purely renormalizable is then the spacetime dimension D n which is the solution of [g] = 0. In other words
For n = 3 and 4 we retrieve the usual integer critical dimensions of 6 and 4 respectively for a scalar cubic and quartic interaction. As the renormalization group functions for the theories with integer critical dimensions have been extensively studied, [6, 7, 10, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] , the next step in studying scalar theories of the form (2.1) are those with non-integer critical dimensions which is our main aim.
In order to be able to carry this out we need to make certain reasonable assumptions. For instance, we take the point of view that there is nothing special about the critical dimension being non-integer and define bare and renormalized fields and parameters in the usual manner. As we will be deriving the renormalization group functions for renormalizable theories then for the set of Lagrangians given in (2.1) we will not need more renormalization constants than are available from the pure rescaling of the quantities present in (2.1). The main obstacle to be overcome is the extraction of the divergences from the 2-and n-point functions of each Lagrangian. In integer critical dimensional theories one has regularizations such as cutoff and dimensional regularization available, for example, in order to evaluate the Feynman integrals contributing to the Green's function. In these regularizations the ultraviolet divergence arises in the integration over the radial components of the interal loop momenta and not the angular variables. The situation for non-integer critical dimensions is clearly the same. However, what is difficult to handle immediately in cutoff regularization is the definition of angular integrals. This effectively results in using dimensional regularization as the method to extract the ultraviolet divergences. The regularization is introduced by analytically extending the spacetime dimension
The advantage of this is that one can apply many of the well-established techniques used to evaluate dimensionally regularized Feynman integrals.
The one which we have chosen to find the divergences at the first few orders of (2.1) is that of infrared rearrangement which was used in [26, 27, 29] to renormalize φ 3 in six dimensions to three and four loops respectively. Those articles exploited the fact that propagators of the form 1/(k 2 ) n were infrared safe in certain dimensions where n is an integer. To deduce the condition it suffices for our purposes here to consider the well known one loop integral involving a mass m which is
.
(2.6)
Here α and β are any positive real numbers. In order to be able to take the limit m 2 → 0 and have a finite result requires a condition on α and β which comes from the power of m 2 in the evaluation. As we will be dealing with scalar theories with no derivative interactions we can simplify to the case where β = 0. Therefore to have a finite and thus an infrared safe limit requires the exponent α to satisfy
As an application for φ 3 theory in six dimensions the one loop correction to the vertex function is a triangle graph. To isolate its divergence in dimensional regularization, which we will use throughout, one can nullify the external momentum of one leg which produces a 2-point function whose Feynman integral now contains a propagator 1/(k 2 ) 2 . In four dimensions the evaluation of the integral would contain an infrared divergence as the inequality (2.7) would be violated. However in six dimensions the inequality is satisfied and there are no infrared divergences. So in effect if the sum of the exponents at a nullified vertex, which would correspond to α in (2.7), is less than the critical dimension the evaluation of the nullified integral will be infrared safe. While we will be dealing with scalar theories with higher order of interactions this method is still valid since to the orders we work with the graphs contributing to the vertex renormalization will be in effect 3-point functions. Except that several of the topologies contributing to the vertex renormalization for potentials with an even number of fields are in effect 2-point functions. As this is the basis technique used to evaluate the Feynman integrals contributing to the renormalization of the wave function, coupling constant and mass operator we note that we have set up an automatic computation to handle the tedious amounts of algebra associated with the integrals. The Feynman graphs to be computed for the wave function and coupling constant renormalizations are generated using the Qgraf package, [31] . The numbers of graphs which were evaluated for each Green's function for n ≥ 5 are given in Table 1 where LO and NLO mean leading order and next to leading order respectively. The final column gives L v which is the number of loops in the leading order vertex Green's functions. The actual independent topologies for various theories are given in Figures 1 to 8 . We only indicate the structure of the 2-point graphs we compute for φ 5 and φ 7 . That for φ 9 theory is obtained by adding additional internal propagators joining the vertices with external legs. The remaining figures show the topologies of the various vertex functions. In Table 1 the data given for n = 3 and 4 are for reference and comparison purposes only as the renormalization group functions for these theories are already well established to very high loop order. Once the Qgraf output is generated for the Green's functions of a theory, it can be adapted for the application of our integration algorithm to each individual graph. Once these have all been evaluated then they are summed. Essential in this process is the symbolic manipulation language Form, [32, 33] . The final step is the summation of the individual divergences and the renormalization. The latter is effected by the method of [34] whereby we compute all the integrals in terms of the bare parameters. Then the counterterms are introduced automatically by rescaling to the corresponding renormalized variables. The constant of proportionality is the respective renormalization constant. All our final renormalization group functions will be in the MS scheme. 0  1  10  115  4  7  1  -357  -5  8  0  1  35  1085  6  9 1 -3271 -7 Table 1 . Number of graphs computed at various orders for n given in (2.1). 3 Results.
Having outlined the computation methodolgy we now present the results for the various theories. First, for the case of n = 5 we have
For this and some other cases we will include the anomalous dimension of the mass operator
Its renormalization is carried out by inserting the operator in a φ 2-point function and using the same integral evaluation. The nullification of the momentum flowing through the operator is infrared safe. Also the graphs which contribute are generated by Qgraf but we have not illustrated these graphically. Instead they can be deduced from the vertex topologies as they can be derived from graphs where there are only two internal propagators connecting with an external vertex. Replacing that vertex by the operator O gives a contributing topology to the 2-point function for the operator renormalization. For higher order potentials we were unable to generate the operator graphs using Qgraf due to the enormity of the generation. As an application of these renormalization group functions we have evaluated the critical exponent σ which was estimated in [13] using functional renormalization group methods. The exponent is defined by the hyperscaling relation
φ (g c ) and g c is the non-zero critical coupling constant given by the solution of β φ 5 (g c ) = 0. It corresponds to a Wilson-Fisher fixed point. We find
numerically. As has been widely noted since the critical dimension of this theory is close to an integer dimension then the convergence of the expansion ought to be faster than say using the expansion of φ 4 theory to extract exponent estimates in three dimensions. For n = 5 we find which is not unreasonable for a value from a leading order computation in comparison with the value of 0.198 for σ using functional renormalization group methods.
For the next two odd power potentials we find the following sets of renormalization group functions
where
7 . In comparison with β φ 5 (g) both β-functions have a new feature in that there are two distinct terms in contrast to the one of the n = 5 theory. It transpires that this first occurs in the n = 6 theory since
These were computed in [6, 7] and extended to the next order in [10] . However, we evaluated them here as a check on the computation strategy outlined in the previous section before applying it to the odd power potentials. While there was a mismatch in the one loop terms of the n = 7 theory it occurs first at two loops for n = 6. Therefore we expect that the first occurrence of the mismatch for n = 5 will be at two loops. For n = 8 the β-function has a similar structure to n = 6 since
One of the reasons for highlighting this aspect of the numerology of the renormalization group functions is that the differences reflect the underlying topologies of each vertex function as well as certain properties. For instance one can define a weighted sum for any of the products of Γ-functions appearing in the β-functions by summing the products of the Γ-function arguments with the power. Examining β φ 9 (g) the respective index of each of the four terms are 3, 2, 2 and 1 where we the contribution from a denominator Γ-function in the sum is negative. For n = 5 we have 2 for both terms in the β-function. For the even dimensional cases the various powers of π, ln 3 and √ 3 would first have to be re-expressed in terms of Γ-functions. For the well-studied cases of n = 3 and 4 the same aspect of weighting is present. The difference is that the Γ-functions are already hidden in the corresponding expression as they will have arisen with integer arguments. Although drawing attention to this particular weighting or property of the renormalization group functions in rational dimensions may appear to be a quirk, it is in fact a guide to the expectations of the series of various sums which can appear at higher loop order. For instance the corrections to the n = 6 theory are known to the next order to that given above, [10] . The various numbers which appear there are new nested sums which do not appear even at four loops in n = 3 and 4. Instead in the latter the nested sums which arise are the usual Riemann ζ-function at integer argument which lead to more complicated sums at much higher loops. For a variety of articles on this topic see [35, 36, 37, 38, 39] . Indeed we now know the coefficients of such new irrationals in the β-function at six loops, [24, 25] . As the appearance of the Riemann ζ-function is as a consequence of the seeding by the hidden Γ-functions of integer argument, then by the same token we would expect the appearance of new sums in the rational critical dimension theories seeded by combinations of Γ-functions with rational arguments. Having concentrated on the basic scalar theories with one field we now turn to the case where the field has an O(N ) symmetry. Studies of O(N ) symmetric theories in fractional dimensions have been carried out previously in [14] for example. Here our motivation is to extend the renormalization group functions of theories considered in the previous section. One aim is to provide this information ahead of the application of conformal field theory ideas such as those developed in [17] to O(N ) symmetric potentials. In [17] conformal methods were used to compute critical exponents from which the renormalization group functions were constructed. A second reason is to highlight a possible connection between various theories with an O(N ) symmetry. To appreciate this it is perhaps best to recall a connection which has been widely studied. For instance, O(N ) symmetric φ 4 theory can be described by the Lagrangian
where σ is an auxiliary field here and is not to be confused with the exponent which was introduced briefly earlier. Its elimination produces the canonical Lagrangian which is renormalizable in four dimensions. Recently it has been shown, [28, 29] , that the ultraviolet completion of L
N where
N σ is not regarded as an auxiliary field due to the usual kinetic term and its cubic self-interaction is required to ensure the Lagrangian is renormalizable in six dimensions. The ultraviolet completion relates to the fact that at the Wilson-Fisher fixed point in dimensions d where 4 < d < 6 both theories lie in the same universality class. This is not unrelated to the common interaction between the φ i and σ fields. Indeed one way to establish the universal connection is via the 1/N expansion especially in the original formulation given in [40, 41, 42] . In those articles the critical exponents of the universal theory were computed as functions of the spacetime to three terms in the 1/N expansion. Expanding the exponents in the neighbourhood of a critical dimension of a theory such as L N it is worth noting that the latter is in effect a theory with n = 4 in contrast with the former which has n = 3. Each is part of the Ising or Lee-Yang class of theories. It turns out that this connectivity extends to some of the theories we consider here. For instance, the next candidate theory to apply this concept to is that recently termed the Blume-Capel class. For instance, the parallel starting
The interaction which is clearly in the n = 8 class can be reformulated with an auxiliary field σ via L
While the critical dimension is still 8 3 the core interaction has an n = 5 structure. Therefore to investigate whether there is a common universality class underlying L N . This produces
N there is an additional interaction between φ i and σ from renormalizability. While this potential connection will serve as a motivation for constructing the renormalization group functions we will also renormalize the following remaining O(N ) symmetric Lagrangians
The Lagrangian L φ 6
N was studied previously in [10] and is similar in structure to L φ 8 N . By contrast for odd n there are an increasing number of interactions to ensure renormalizability. Consequently there is a significantly larger number of Feynman graphs to be evaluated. We have given an indication of this for the renormalization of the fields and coupling constants for Lagrangians with an odd value of n in Table 2 . Table 2 . Number of graphs computed for the renormalization of the field and each coupling constant for O(N ) symmetric theories for odd n.
In light of this we note that the Lagrangian for higher order interaction equivalences is straightforward to write down. The Lagrangian L 
and L φ 2r+1 N has the core interaction σ(φ i φ i ) r leading to N via the same n-point vertex we introduce the auxiliary field σ as in (4.1) and (4.4). In the former there is a theory with a lower critical dimension which is in the same universality class as L φ 4 N and is the nonlinear σ model which has a Lagrangian which can be written as
Here σ is regarded as a Lagrange multiplier field and its role is to constrain the fields φ i to lie on a sphere. Also the critical dimension of (4.9) is 2 and in this dimension σ has canonical dimension 2 whereas the φ i field is dimensionless. However with parallel Lagrangians based on higher order potentials also available one can write down similar Lagrangians which are linear in σ and which have critical dimension 2. This can be generalized to the Lagrangian
where all possible interactions are available and its D ∞ = 2. One can regard (4.10) as the theory corresponding to (2.4) in the n → ∞ limit. Equally it could be viewed as the base two dimensional Lagrangian from which each of the D n > 2 theories we have considered here, as well as others, are related to through their corresponding Wilson-Fisher fixed point. In some sense it is the two dimensional universal Lagrangian of all the univerality classes of scalar O(N ) theories. The connection of each interaction relative to its critical dimension and two dimensions is apparent if one considers the structure of the leading order graph contributing to the 2-point function renormalization such as those illustrated in Figures 1, 4 and 6 for example * . If we denote such a graph with l loops by Γ (2),l then its evaluation is
which corresponds to a φ l+2 potential. This function diverges when the argument of either numerator Γ-function is zero or negative. Clearly this will occur for all l ≥ 1 when d = 2 due to Γ 
60
+ O(g
The author is indebted to Prof D. Kreimer for the reminder about the structure of this set of graphs. where the order symbol for the multi-coupling theories denotes all possible combinations of the couplings. We have also recorded the mass operator dimension in passing. While the β-function in (4.13) is not asymptotically free there is a Banks-Zaks fixed point, [43] for all N .
For the remaining two theories we are concentrating on we have 
N the anomalous dimensions are N in our conventions which are consistent with [10] 
which is in agreement with [10] . One feature which is common in the renormalization group functions which may be a coincidence in L . To explore this further we have renormalized the O(N ) φ 12 theory at leading order which is the next candidate for a connection with an odd potential theory. This required computing 462 graphs for the coupling constant renormalization which is an order of magnitude more than φ 8 theory and effectively excludes determining the next term in the β-function. However, we find 
The corresponding theory which it should have connection to is L
N . This is apparent in comparing the core Γ-functions present in each set of renormalization group functions which are Γ N theories were related. This is to do with the structure of the β-functions of each of those theories. In particular the N dependence of both β-functions follow the same patterns. In both theories the polynomial coefficient in N of the one and two loop terms in the β-functions are linear. This means that the critical coupling of the Wilson-Fisher fixed point in the 1/N expansion has the form
for each β-function where a ij are real numbers. In other words at leading order there is only one term in the expansion. By contrast if a β-function was linear in N at one loop and quadratic at two loops then the leading 1/N term for g c would at least be quadratic in . This is the situation for SU (N c ) non-abelian gauge theories when one examines g c in the large colour expansion. In fact in that case the degree of the polynomial in N c at each loop order is equal to the loop order. This means that to find g c in a large N c expansion in a non-abelian gauge theory would require the full β-function or equivalently the sum of an infinite number of Feynman graphs. By contrast an SU (N c ) non-abelian gauge theory with N f (massless) quarks has a 1/N f expansion since the one and two loop terms of the β-function are linear in N f , [44, 45, 46, 47] . Given this property of the N c dependence in the β-function of an SU (N c ) gauge theory it transpires that examining (4.13) the same feature is present for the O(N ) symmetry. Although there is a difference in that the L φ 8 N β-function is quadratic in N at one loop and quartic at two loop. However the key point is that the two loop term is not quadratic at two loops. The reason is simple to understand from the topologies in Figures 4 and 5 for example. Consequently there appears to be no 1/N expansion method in the spirit of [40, 41, 42] with which one could connect L 5 Discussion.
We have renormalized various scalar quantum field theories with odd potentials as well as extending these to include an O(N ) symmetry in this article. Our aim has partly been to provide independent perturbative information to complement other methods such as a d-dimensional conformal field theory approach where the expansion of the related critical exponents can be deduced. As with the renormalization group functions of scalar theories with even order potentials the structure of the renormalization group functions does not involve rationals at low orders. Instead combinations of Γ-functions with rational arguments emerge. As with the widely examined φ 3 and φ 4 theories the higher loop terms should introduce a new set of numbers which should be related to the Γ p q where p and q are coprime integers. For instance in φ 4 theory it is known that the Riemann zeta series ζ(n) appears at four and higher loops. Such numbers derive for example from coefficients in Γ(n + ) where n is an integer. Equally it is now known that multiple zeta values emerge at six loops after the pioneering work of [35] . For the renormalization group functions of φ r theories with r ≥ 5 a parallel numerology should emerge. A clue to this is in the results of [10] for φ 6 theory where the numbers akin to ζ(n) were extracted using the Gegenbauer polynomial methods of [48] . This technique is ideal for representing the angular integration in terms of nested sums. In φ 3 and φ 4 theory these naturally led to ζ(n) but in [10] the corresponding quantity is Dirichlet's β-function β(z) and specifically β(2) and β (4) . Given that the development of these Riemann zeta sums has led to the wide and systematic use of hyperlogarithms for the basis of renormalization group functions it would seem that to tackle the next loop orders in φ r theories with r ≥ 5 would require the development of that machinery by, for example, extending the Hyperint package, [49] . It is worth observing that the Gegenbauer polynomial method was also used in perturbation theory because the application of infrared rearrangement for higher order terms requires more care. This is in effect due to the vertex function graphs and means moving beyond the effective triangle diagrams illustrated in Figures  2 to 7 to, for example, effective boxes and pentagons with non-unit propagator exponents for the subsequent terms in the β-functions.
While this discussion on numerology may appear disjoint the aim is to draw attention to it for several reasons. First, the insights deriving from conformal field theory methods such as [16] must retain the structure of the renormalization group functions in its underlying algebra. Equally it must be informed by the structure of the Feynman diagrams in the perturbative or equivalently the expansion. For these higher order scalar potentials the numbers analogous to the multiple zeta values of φ 4 theory appear to emerge at lower loop orders. Therefore φ 5 may provide the simplest testing ground for understanding the mathematical interconnectedness of the structure of non-trivial Feynman integrals further and the algebraic structure of the quantum field theory itself as a whole. One minor example of this was perhaps indicated by the extension to the O(N ) symmetric theories. Using an auxiliary field σ a theory with an odd potential may not be unrelated to one with an even potential in the same way that O(N ) φ 3 theory is the ultraviolet completion of O(N ) φ 4 theory. Central to the establishment of this was the use of the large N formalism of [40, 41, 42] . From the loop orders we have computed it would seem that the application of that particular large N method may not be applicable. For it to be used one would have to be able to determine the location of the Wilson-Fisher fixed point at leading order in 1/N . In O(N ) φ 3 and φ 4 theory this is possible because the respective β-functions are linear in N at two loops. For O(N ) φ 8 theory the next-to-leading correction to that β-function is the same order as the leading one in terms of 1/N . From the decoration of lines by bubbles due to the high order potential it would be a surprise if this did not persist to all orders. Therefore it may be the case that the only realistic technique which could be used to establish any connection between O(N ) φ 5 and φ 8 theory as well as that between O(N ) φ 7 and φ 12 theory is that of ddimensional conformal field theory. In some sense if these theories are connected along a thread of Wilson-Fisher fixed points they should have a base within the two dimensional universal theory of (4.10). Finally, while our focus throughout has been on scalar field theories the next suite of theories to examine in the present context of higher order potentials are fermionic models such as the O(N ) Gross-Neveu model, [50] , O(N ) supersymmetric nonlinear σ models such as those considered in [51] , or the non-abelian Thirring models, [52] . For the latter one would have to use the parallel of the auxiliary field σ to effect the extension, for example, which would require higher spin fields.
